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Abstract. Motivated by the universality of Hawking radiation and that of the anomaly 
cancellation technique as well as that of the effective action method, we investigate the 
Hawking radiation of a Schwarzschild black hole in the isotropic coordinates via the 
cancellation of gravitational anomaly. After performing a dimensional reduction from the 
four-dimensional isotropic Schwarzschild metric, we show that this reduction procedure will, 
in general, result in two classes of two-dimensional effective metrics: the conformal equivalent 
and the inequivalent ones. For the physically equivalent class, the two-dimensional effective 
metric displays such a distinct feature that the determinant is not equal to the unity {^—g 7^ 1 ), 
but also vanishes at the horizon, the latter of which possibly invalidates the anomaly analysis 
there. Nevertheless, in this paper we adopt the effective action method to prove that the 
consistent energy-momentum tensor T''^ is divergent on the horizon but \/~gT\ remains 
finite there. Meanwhile, through an explicit calculation we show that the covariant energy- 
momentum tensor T\ equals to zero at the horizon. Therefore the validity of the covariant 
regularity condition that demands that = at the horizon has been justified, indicating that 
the gravitational anomaly analysis can be safely extrapolated to the case where the metric 
determinant vanishes at the horizon. It is then demonstrated that for the physically equivalent 
reduced metric, both methods can give the correct Hawking temperature of the isotropic 
Schwarzschild black hole, while for the inequivalent one with the determinant \f--g = 1 it 
can only give half of the correct temperature. We further exclude the latter undesired result by 
taking into account the general covariance of the energy-momentum tensor under the isotropic 
coordinate transformation. 
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1. Introduction 

Hawking radiation fTjl is one of the most important theoretical discoveries in black hole 
physics, named after the surname of famous physicist Steven Hawking. The Hawking effect 
shows that a black hole is not really black, but can radiate thermally like a black body. 
Precisely speaking. Hawking radiation is the quantum effect of field in a classically curved 
background space-time with a future event horizon. It has a feature that the thermal radiation 
is determined universally by the properties of the horizon. There are several derivations 
of Hawking radiation. The original one presented by Hawking fl] when he quantized the 
scalar field theory in a static Schwarzschild space-time is undoubtedly the most direct method 
through which Hawking straightforwardly calculated the Bogoliubov coefficients between in- 
and out-states of fields in a black hole background. This derivation, however, is very intricate 
and difficult to be generalized to more general cases. Later on, other attempts were made now 
and then. 

Recently, there are two popular and relatively simple methods owing to Wilczek JZHSHHl, 
attracting a lot of attention [0 |7l [HI 1 [B [HI [HI [Bl [II [Bl [El. One is the semi- 
classical tunnelling picture proposed by Parikh and Wilczek [j21, and the other is the anomaly 
cancellation method advocated by Robinson and Wilczek (RW) |[3l[4l. In the former method. 
Hawking radiation is visualized as a tunnelling process from the horizon and can be derived 
by calculating the semi-classical WKB amplitudes for classically forbidden paths. In the 
latter one. Hawking radiation can be understood as a compensating energy-momentum flux 
required to cancel the consistent gravitational anomaly at the horizon in order to preserve 
general covariance at the quantum level. Obviously, the RW's method is very universal since 
this kind of derivation of Hawking radiation via the viewpoint of the anomaly cancellation is 
only dependent on the anomaly taking place at the horizon. 

In the further development, Iso et al. [ffl extended the RW's method to investigate 
Hawking radiation in the case of a charged black hole, by considering gauge anomaly in 
addition to gravitational anomaly. In their work, the condition for consistent gauge and 
gravitational anomaly cancellation and regularity requirement of covariant anomalies at the 
horizon, together with the energy-momentum conservation law, determines Hawking fluxes of 
the charge and energy-momentum tensor. Subsequently, the treatment was further generalized 
[[H to the cases of rotating and charged black holes, where the rotation essentially plays the 
role of a 50(2) ~ t/(l) gauge field. Since then, a lot of application [[61 [71 [81 [91 [TOl [TTTl of this 
method appeared and were devoted to investigating Hawking radiation of other different black 
objects in various dimensions, and all the obtained results demonstrated that the gauge current 
and energy-momentum tensor flux, required to cancel the consistent gauge and gravitational 
anomalies at the horizon, are exactly equal to that of Hawking radiation. These results once 
again show that Hawking radiation is universal and only depends on the property of the 
horizon. It appears that these studies successfully support that the RW's prescription is very 
universal. However, it should be pointed out that almost all of these efforts were limited to 
the case of the determinant = 1 of the effective diagonal metric in two dimensions. 
Based on the original work of [[31 [H, the anomaly cancellation method was extended [[H to 
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the most general case of two-dimensional non-extremal black hole metrics where ^ 1. 
Nevertheless, the anomaly analysis presented in fSl had overlooked a peculiar case of which 
the determinant vanishes at the horizon. 



It should be emphasized that the original anomaly cancellation method proposed in 
Refs. |[3ll4l| encompasses not only the consistent anomaly but also the covariant one. Quite 
recently, Banerjee and Kulkarni [12] suggested that this model can be further simplified by 
using only the covariant gauge and gravitational anomalies to derive Hawking radiation from 
charged black holes. Their simplification makes the anomaly analysis more economical and 



conceptually cleaner. An extension of their work to the case where the determinant ^ 1 



was done in [13]. Based upon these developments, some direct applications soon appeared in 



Very recently, Banerjee and Kulkarni (T6\ advocated to use the covariant boundary 
condition and the covariant energy-momentum tensor to directly calculate the Hawking fluxes 
from charged black holes via the effective action method. The results obtained by them are in 
accordance with those obtained by the RW's method. They also established the connection of 
this approach with the calculations based on the Unruh vacuum. However, the equivalence of 
the effective action method and the covariant anomaly method needs to be further clarified in 
the very general case where 7^ 1 . 



Note however, in fact, that there is a subtlety in the anomaly analysis, namely, the validity 
of the RW's method implicitly assumes the regular behaviors of the dilaton field and the 
metric determinant at the horizon. In other words, the metric determinant should not vanish 
or diverge on the horizon. This issue had been neglected in the previous researches since 
almost all of them only deal with the trivial case where ^/—g = 1 . As will be demonstrated in 
this paper, the above assumption is apparently violated in the case for a Schwarzschild black 
hole in the isotropic coordinate system. Therefore it is necessary to investigate extensively 
the most general case where 7^ 1, in particular, the special case when vanishes at 
the horizon. The Schwarzschild black hole in the isotropic coordinates just provides such an 
example that its metric determinant vanishes at the horizon. 

In this paper, we attempt to apply the gravitational anomaly method and the effective 
action method to study Hawking radiation of the Schwarzschild black hole in isotropic 
coordinate system. Although the same question had been previously studied (31 [T6|| in the 
standard Schwarzschild coordinates, the isotropic coordinates display such a distinct feature 
that the metric determinant of the reduced two-dimensional effective and physically equivalent 
metric is not equal to the unity i\/—g 7^ 1), but also vanishes at the horizon, the latter of which 
possibly invalidates the anomaly analysis there when one applies it to investigate the Hawking 
radiation in such a coordinate system. The interest to the isotropic coordinates is that they 
play an important role in finding a large classes of supersymmetric black hole solutions in 
string theory. For example, the famous five-dimensional BMPV black hole solution [Vl] can 
be expressed in terms of isotropic coordinates. Our motivation for this investigation is also 
inspired from the fact that Hawking radiation is a universal quantum phenomenon and should 
not depend on the concrete choice of different coordinates, but it really relies on the property 
of the horizon. Correspondingly, the Hawking temperature derived in different coordinates 
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should be given by the same value, and not be related with a concrete coordinate system. Our 
aim is intended to verify that the RW's method and the effective action method are unrelated 
with a different choice of coordinates. 

After performing a dimensional reduction procedure from 4 to 2 dimensions, we show 
that the dimensional reduction technique will, in general, result in two classes of two- 
dimensional effective metrics: the equivalent and the inequivalent ones. We define the 
physically equivalent reduced metrics as those that neither change the rank of the zeros of the 
components gtt and g'''' of the original four-dimensional metric, nor flip their signs. Otherwise 
we shall call them the in-equivalent classes. For the physically equivalent class, the effective 
two-dimensional metric displays such a distinct feature that the metric determinant is not 
equal to the unity {y/—g 7^ 1), but also vanishes at the horizon, the latter of which possibly 
gives rise to a doubt about the reliability of a direct application of the anomaly analysis there. 

In order to prove that the anomaly analysis can be safely extrapolated to the situation 
when the metric determinant vanishes at the horizon, we derive the consistent energy- 
momentum tensor given by the effective action [|5l [161 HH IHl in the Unruh vacuum state. 
We find that the energy-momentum tensor r[ is finite at spatial infinity but diverges on 
the horizon, therefore ^J^^T\ rather than T\ itself is regular on the horizon because \f^^ 
vanishes there. We verify the regularity condition via explicitly calculating the covariant 
energy-momentum tensor and showing that both T\ and ^—gT\ vanish at the horizon. This 
means that the validity of the anomaly analysis at the horizon can be guaranteed and the RW's 
method can be safely extrapolated to the case when \f^^ vanishes at the horizon. We further 
demonstrate that for the physically equivalent reduced metric, both the effective action method 
and the RW's method can derive the correct Hawking temperature of the Schwarzschild black 
hole in the isotropic coordinates, which is exactly in accordance with Hawking 's original 
result; while for the inequivalent one with \f^^ = 1 it can only give a temperature with its 
value just being one-half of the correct one originally derived by Hawking. The latter result 
is undesired and can be further excluded by taking into account the covariance of the energy- 
momentum tensor under the isotropic coordinate transformation. 

Our paper is outlined as follows. In section [2l we derive the line element of a 
Schwarzschild black hole in the isotropic coordinates from the standard coordinates by means 
of the isotropic coordinate transformation and calculate its surface gravity via the standard 
formulae. We compare the difference between these two coordinate systems in detail. In 
section [3l we present the dimensional reduction of the massless scalar field theory in the 
isotropic Schwarzschild space-time and demonstrate that this reduction procedure will, in 
general, result in two classes of two-dimensional effective metrics: the equivalent and the 
inequivalent ones. In section IH we compute the consistent energy-momentum tensor given 
by the effective action [I51[T6l[l8l[T9l in the Unruh vacuum state and show that T\ diverges on 
the horizon, but ^—gT\ is finite there. Meanwhile, the covariant energy-momentum tensor is 
explicitly calculated and shown to be equal to zero at the horizon, verifying the validity of the 
covariant regularity condition = at the horizon. This fact confirms us that the validity of 
the gravitational anomaly analysis at the horizon is guaranteed and the RW's method can be 
safely extrapolated to the case where the metric determinant vanishes at the horizon. Section 
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\5\ is devoted to deriving the Hawking temperature via the cancellation of the consistent or 
covariant anomaly at the horizon. It is shown that for the physically equivalent reduced metric, 
in which the resultant determinant vanishes at the horizon, both the effective action method 
and the anomaly cancellation method can give a temperature of the isotropic Schwarzschild 
black hole, which is just the correct one derived by Hawking in his original work; while for 
the inequivalent class, with which the determinant = 1 in the two-dimensional effective 
background field theory, both methods can only derive a temperature that is one-half of the 
original one given by Hawking. Finally we further exclude this incorrect result by taking 
into account the general covariance of the energy-momentum tensor. Our results show that 
the Hawking temperature have the same value in different coordinate systems. In addition, 
the equivalence between the effective action method and the RW's method has also been 
established. The last section [6] ends up with a summary of our main results and presents our 
conclusions. 



2. The Schwarzschild black hole: the isotropic coordinates versus the standard ones 

There are several different forms for the metric of a Schwarzschild black hole. Among them, 
the most popular one is expressed in the standard Schwarzschild coordinate system as follows 

where M is the Arnowitt-Deser-Misner (ADM) mass of the black hole, dO?' is the metric on 
the unit two-sphere. It is well known that an event horizon of the black hole is determined 
by g'^'^ — while a Killing horizon is given by = 0. Obviously, the Schwarzschild black 
hole has an event horizon that coincides with the Killing horizon at r/f = 2M where the metric 
becomes singular. 

For the question in which we interested here, we shall consider the Schwarzschild black 
hole in the isotropic coordinates. After performing a coordinate transformation 

r = r{\+M/2rf, (2) 

the line element ([T]) then becomes 

for which the metric determinant is 

^-^^(>-|)('-^)'-«- 

In this isotropic coordinate system, the black hole now has only a Killing horizon which is 
located at rn = M/2, corresponding to fn = 2M in the standard coordinate system. We can 
see that the metric (|3]) is regular at r/f = A//2. Now we want to calculate the temperature of the 
back hole in the isotropic coordinates. The surface gravity can be computed in the standard 
manner and is given by 

1 



1 lY^dgn 

iC - 



2 V -gtt dr 
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so the corresponding Hawking temperature is 

T = — = -^ (6) 

which is exactly the same one as that calculated in the standard coordinate system. Therefore, 
one can draw a conclusion that Hawking temperature should be determined by the properties 
of the horizon but unrelated with the choice of different coordinates. It is anticipated that an 
analogous universality can apply to the effective action method and the gravitational anomaly 
method. 

There are some common characters shared by the black hole space-time in both metric 
forms, which can be summarized as follows. Both line elements are asymptotically flat at 
spatial infinity; The parameter M is the ADM mass in both metrics; and the surface gravity 
has the same expression K = 1/ {AM) in both coordinate systems. 

However, there exist a lot of explicit differences between these two coordinates in 
differen aspects such as, the type of horizons, properties of the singularity and the metric 
determinant, the zeros and signs of the temporal and radial metric components, etc. In the 
standard coordinates, the black hole horizon fn = 2A/ is both an event horizon and a Killing 
horizon; the determinant ^/—gl = sinG is regular everywhere; the zeros of the components 
gtt and g^^' are the same, both metric components flip their signs at the horizon. By contrast, 
in the isotropic coordinates, the location r// = M/2 is only a Killing horizon; the determinant 
^/—gA = V— g4^(r) vanishes at the horizon; the zeros of the components gu and g'''' are 
different, and their signs do not change at th = M/2. These differences can be attributed 
to the fact that the isotropic coordinate transformation ^ has changed the order of zeros of 
the metric components and contributed to the metric determinant a Jacobi factor 

Finally, the asymptotic behaviors of the tortoise coordinates defined in both systems are 
different. In the standard Schwarzschild coordinates, the tortoise coordinate is defined as 
r rdf 1 

while it is defined in the isotropic coordinates via 

r^ = J {l+M/2rY—^^drc^4M\n{r-M/2) = ^\n{r-rHf. (9) 

Their difference can be seen more clearly via finding the inverse transformation of Eq. 
namely 



2r = r-M+Vf^-2Mr, (10) 
from which we get 

Vr^-2Mr = r-M^/Ar, r-M = r + M^/Ar. (11) 

The above coordinate transformation maps the exterior region f > 2M to the domain r > M/2. 
Near the horizon rn = 2M (or rn = M/2), the asymptotic behaviors of these two coordinates 
are related by 

(r-M/2)^~M(r-2M)/2. (12) 
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In addition, it is necessary to emphasize that the rank of the singularity (namely, the 
order of zeros of the metric component ga) has been changed under the isotropic coordinate 
transformation. That is, a simple singular point in the standard Schwarzschild coordinate 
system now becomes a rank-two singular point in the isotropic coordinate system. 



3. Dimensional reduction: the equivalent versus the in-equivalent classes 



Since the anomaly cancellation method proposed in Ref. |l3l involves a dimensional 
reduction of the space-time from higher dimensions to two dimensions, therefore it is crucial 
to obtaining a reduced two-dimensional effective metric that inherits most fundamental 
properties of the higher-dimensional one. In this section, we shall show that the dimensional 
reduction procedure will yield two classes of two-dimensional effective background metrics: 
the conformal equivalent and the inequivalent ones. We present our definition for the 
equivalent and the inequivalent metrics, and demonstrate that even for the physically 
equivalent classes, the reduced two-dimensional effective metrics are not uniquely determined 
in the process of dimensional reduction, since they can differ by a regular conformal factor. 

Before adopting the RW's method and the effective action method to investigate Hawking 
radiation from the isotropic Schwarzschild black hole, we now perform a dimension reduction 
in the isotropic coordinate system. Considering a massless scalar field in the background 
metric ([3]), the action can be written as 

S[(?] = - \f d^x^^g^^d^,i^d^<^ = ^ J^jcv^cp°9 

= ^ / dtdrdQd(^ sin0 (p/ - +M/2r) . 



1 . 



+ ■ 



1 



l-M/2r 



-a? 



Im 



Im 



l-M/2r ' 



+ /(/+l)(l 



M2\ 

4?) 



9/" 



(13) 



where Aq is the angular Laplace operator on the unit two-sphere, with the eigenvalue /(/ + 1). 
In the last line, we have performed a partial wave decomposition cp = Y^im 9/m(^ f)Yim{Qi ^) in 
terms of the spherical harmonic functions. 

Keeping the dominant terms in the vicinity of the horizon (r// = M/2), the action is then 
simplified as 



1 



Im 



\-M/2r ^'^V ArV r 



(14) 



The above near-horizon limit suggests that the action can be effectively replaced by the 
following one 

1 



5[(p] 



\yf dtdr^'^i,n \ - -^dj + v^a? 



9/« 



(15) 
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in a two-dimensional space-time with the effective metric 

ds^ = -f{r)dt^ + h{r)-^dr^. (16) 

This indicates that the scalar field theory in the vicinity of the event horizon of the original 
four-dimensional black hole space-time ([3]) can be effectively described by an infinite 
collection of massless scalar fields in the two-dimensional effective background metric (fT6l) . 
Comparing Eqs. (fT4l) with (fT5l) . we get 

— r — j — -— — , H'\/jn = r — . (17) 



y/fh \-M/2r ' 4 

From these equations, we can solve the dilaton factor as ^ = r2(l -\-M/2r)^, and obtain 

1 -M/2r 
(l+M/2r) 



With the help of the metric determinant ^/—g = \/YJh = ^{r), f{r) and h{r) can be obtained 
as follows 

1 -M/2r ^, , 1 -M/2r 

f= Ur\ h = fl9) 

^ (l+M/2r)3^^ ^' (l+M/2r)3^(r)' ^ ^ 

Thus the reduced two-dimensional effective metric can be written as a conformal form as 



ds^ = ^(r) 



i-M/2. ,^2^ii±mry,,2 



(20) 



(l+M/2r)3 l-M/2r 

with = ^{f) acting as a conformal factor. 

At this stage, we have only set the dilaton field as a regular function and left the metric 
determinant to be determined. Obviously, this implies that the resultant two-dimensional 
effective metrics are not unique. Thus, the dimension reduction procedure leaves us a room 
to choose many different expressions for the conformal factors, which can lead to several 
different results. 

It is now a position to determine the concrete expression for the metric determinant 
= ^(r). Note that its general expression assumes a splitting form 

v/=^ = ^(r) = (l-M/2r)"%(r), (21) 

where the power n is an integer, and %(r) is an arbitrary regular function satisfying 

= 7^ 0,00 ; x(r^^) = l. (22) 

The asymptotic behavior of the determinant at the horizon is mainly controlled by the power 
n. The latter condition means that = 1 when r ^ oo. The reason for this assumption will 
be explained later. 

Now we propose our definition for the equivalent and the inequivalent classes of the 
reduced two-dimensional effective metrics. 

Proposition: The physically equivalent classes for the reduced two-dimensional effective 
metrics are those that neither change the zeros of the components and g''' of the original 
space-time metric ([3]), nor flip their signs at the horizon. Otherwise they shall be called the 
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in-equivalent classes [|| The equivalent effective metrics are also conformal equivalent, up to a 
regular conformal factor %(r) that satisfies the conditions (l22l) . 

According to the above definition, we can classify the reduced two-dimensional metrics 
(l20l) into two types: 

(I) Conformal equivalent metrics: To ensure the physical equivalence of the reduced 
two-dimensional metric with the original four-dimensional one, the zeros and signs of the 
and g'''' components of the metric ([3]) should not be changed in the process of dimensional 
reduction. To retain the zeros and signs of the components gtt and g'''' of the original metric 
dl]), one must take n = 1 for these equivalent classes. Thus the line element is 



(l-M/2r 



2 



ds^ = X{r) -)j-^^^j^dt' + {l+M/2rrdr' 



(23) 



with the determinant = x{r) [1 —M/ (2r)] in which the regular function %(r) acts like a 
conformal factor. 

At this moment, the metric (|23l) is still not completely determined since %(r) can 
be an arbitrary regular function as long as it satisfies the conditions (l22l) . As such, the 
resultant two-dimensional effective metrics for the equivalent classes are not unique in the 
process of dimensional reduction, but are conformal equivalent under a regular conformal 
transformation. In other words, they are merely determined, up to a regular conformal factor. 

We now explain the reason why one should demand that ^/^^ = 1 when r ^ oo. This is 
because the surface gravity K and ^—gT\ are conformal invariant physical quantities in two 
dimensions, so one must demand x(r ^ oo) = 1 to obtain consistent physical results of the 
Hawking fluxes under a regular conformal transformation. In addition, this condition is also 
compatible with the asymptotically flatness of the metric at spatial infinity. 

There are a lot of regular functions for %(r) that satisfy the conditions (l22l) . One natural 
choice is x(r) = 1 +M/(2r) so that = C,{r) = 1 -M^/(4r^), then the line element 
becomes 

(l-fM/2r)2 V 2r/ ' ^ ^ 

which is exactly the {t — r) -sector of the original line element Q. 

Alternatively, one can, for example, choose x(r) = [1 +M/ (2r)]^^ so that the reduced 
metric is 

(1 -fM/2r)6 

This line element differs from ((24)) by a regular conformal factor [1 +M/ (2r)]^. So even for 
the physically equivalent classes, the two-dimensional effective metrics, which are reduced 
from the four-dimensional space-time, need not to be the {t — r)-sector of the latter. This 
is different from the observation Q, where the dimension reduction keeps the form of the 
{t — r) -sector unchanged. 



t In the case of a rotating black hole, the same question should be addressed in the dragging coordinate system. 
See for example, the first reference in lfT4l . 
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It should be noted that the above two metrics are conformal equivalent, both of them give 
the consistent results in the anomaly analysis. However in both cases, = at r// = M/2, 
\/—g = 1 at spatial infinity, and ^/—g 7^ 1 elsewhere. That the metric determinant vanishes at 
the horizon will give rise to a doubt about the reliability of the anomaly analysis there. 

Most related to the RW's method is to compute the surface gravity of the resultant two- 
dimensional effective metric so as to reproduce the Hawking temperature of the original four- 
dimensional black hole. For the equivalent classes of the reduced two-dimensional metrics, 
the above two line elements differ by a regular conformal factor. Their surface gravities can 
be computed by making use of the standard method and are found to be the same value as that 
presented in the four-dimensional case, so the Hawking temperature is 

T = — = —JhJfdj\ = ^— , (25) 

which is just the standard value originally calculated by Hawking. 

As will be seen later, both the RW's method and the effective action method can also 
derive the same correct Hawking temperature for the conformal equivalent two-dimensional 
metrics. However, a question that arises in the anomaly analysis is whether it is still valid for 
the case when = at = M/2. In the next two sections, we will pay our attention 
to show that the anomaly analysis can be safely extrapolated to the situation when the metric 
determinant vanishes at the horizon. A key observation is to show that ^—gT\ rather than T\ 
itself is finite on the horizon and = at the horizon. 

(II) In-equivalent metrics: The metrics for the in-equivalent classes are those all that 
obey n ^ \ . In this case, one can arbitrarily select the conformal factor as long as it does not 
take n = I. For example, one can simply choose -^/^ = ^(r) = 1 so that 

(l+M/2r)3 l-M/2r 
With this choice of the conformal factor, the metric determinant is well-behaved everywhere, 
in particular, it is regular on the horizon. This feature is especially suitable to do the analysis 
via the anomaly cancellation method. 

On the other hand, one can also select the line element to be that of the optical space 

^ {\-M/2rY ' 

for which the determinant will diverge on the horizon. Besides, other choice of the conformal 
factor is also possible. But at this moment, we only restrict ourself to the two cases listed 
above. 

The temperature for the metric ([261) with f = h = [\ - M / {2r)\/[\ +M/{2r)f is 

T = — = —drf\r„ = , (27) 

which is one-half of the value of Hawking's original result. On the other hand, the temperature 
calculated for the optical space is null, a rather different result. The same undesired result can 
also derived via the anomaly cancellation technique and the effective action method. So it 
turns out that the in-equivalent classes for the reduced metrics are physical meaningless, since 
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all of them can not correctly reproduce the standard value for the Hawking temperature of a 
Schwarzschild black hole. Therefore, these types of the reduced metrics are undesirable in 
our discussions made below. 

Before ending up with this section, let us briefly summarize the main results obtained 
in this section. We have generally shown that the original four-dimensional space-time ^ 
can be effectively reduced to two typically different kinds of two-dimensional metrics: the 
equivalent and the in-equivalent ones. For the physically equivalent two-dimensional metrics, 
we propose that the process of dimension reduction should make no change in the rank of 
the singularity of the original space-time metric, otherwise the resultant metrics belong to the 
in-equivalent classes. Note that the differences between the two-dimensional line elements 
(|24|) and (|26|) resemble much like those in the four-dimensional case listed in the last section. 
It should be emphasized that even for the equivalent classes, the reduced two-dimensional 
effective metrics need not to be completely identical with, but conformal to the (t — r)-sector 
of the original four-dimensional isotropic line element, up to a regular conformal factor. Only 
for the conformal equivalent classes can one derive the same correct temperature as that given 
by Hawking. 

The above issue have not been exploited in the previous literature. In fact, the 
same technical question also exists in the dimensional reduction of the four-dimensional 
Schwarzschild black hole in the standard coordinates. To see this point more clearly, let 
us consider the near-horizon limit of the action of a massless scalar field 

I f n r— 1 o / 2M\ oi 
■^[q^] - 2 r y ^^^^^ [ 1 _ 2M/r ^' + - — ) ^^J ^^"^ - (28) 

which suggests it can be replaced by an effective action in the two-dimensional reduced metric 
df' = ^/^ds^, where \^—g acts as a conformal factor and the line element 

is the {t — r) -sector of the four-dimensional Schwarzschild space-time in the standard 
coordinates 

For the physically equivalent classes, one must impose that -^/^ ^ at fn = 2M and 
— 1 when r — > oo. The reduced two-dimensional metrics are not unique but are conformal 
equivalent. They need not to be in exact agreement with the {t — r) -sector of the four- 
dimensional metric, but a simple choice for the conformal factor is -^/^ = 1 , which can reach 
to this end [|3]|. In addition, it is easy to find that the two-dimensional effective metric (l24l) can 
be obtained from (|29|) via the isotropic coordinate transformation Q, while the metric (l26l) 
can not. 

In the remaining sections, we will demonstrate that in the case of a physically equivalent 
metric, both the effective action method and the gravitational anomaly cancellation method 
can give a temperature, which is exactly the same as the Hawking's original one. But for the 
in-equivalent metrics, the RW method can not derive the correct Hawking temperature. For 
instance, in the case of a two-dimensional metric (|26l) with = 1, both methods give a 
temperature which is only one-half of the Hawking's standard one. In the remainder of this 
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paper, we shall only focus on the case of a physically equivalent metric for which we must 
deal with the situation when the metric determinant vanishes at the horizon. 



4. Effective action, Unruh vacuum and Hawking flux 

In the preceding section, we have obtained, by means of the dimensional reduction, the 
physically equivalent classes of the resultant two-dimensional metrics which are conformal, 
by a regular conformal factor, to the {t — r) -sector of the four-dimensional Schwarzschild 
black hole in the isotropic coordinates. 

From now on, we shall base upon our discussions in terms of a two-dimensional effective 
metric (|24|) written in the general form (fT6l) as 

ds^ = -f{r)dt^ + h{r)-Ur^, 

where 

(l-M/2r)2 1 
^ (l+M/2r)2' (l+M/2r)4- 

The meter determinant is given by 

V^g=^h=l-—^. (30) 

It is obvious that -\/^^ = at r = r// = A//2, -^/^ = 1 as r — > oo, and ^/^^ ^ 1 elsewhere. 
For later convenience, we denote the surface gravity at any point r as 

where a prime (/ = 3^) denotes the derivative with respect to the radial coordinate, here and 
hereafter. We also introduce the antisymmetric tensors z^^ = Z^^ j and £^v = v^— ^e^/v in 
terms of the antisymmetric tensor density e*"^ with the convention = = 1 . 
The scalar curvature in the background (fT6l) reads 



, 4Mr^ 

R = -iJh/fK' = , , . (32) 

Note that both K and R vanish at spatial infinity, and remain finite at the horizon (r// =M/2). 
The surface gravity at the horizon is given by K = lim^^^^ K =1/ {AM) . 

As mentioned before, the validity of the RW's method might not be guaranteed at the 
horizon as the metric determinant vanishes there. In order to justify the validity of the anomaly 
analysis at the horizon, we have to prove that diverges on the horizon but ^J^^T\ remains 
finite there. Our strategy will be to calculate the anomaly induced stress tensor in the Unruh 
vacuum by using the trace anomaly in the context of a two-dimensional black hole with the 
effective metric (|24l) . The main reason for this is because the boundary condition adopted 
in the gravitational anomaly method is consistent with the Unruh vacuum, and the anomaly 
cancellation method with this boundary condition gives the same result as the one derived 
using the trace anomaly method. What is more, we also explicitly compute the covariant 
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energy-momentum tensor and show that it indeed vanishes at the horizon, thus verifying the 
validity of the regularity condition = at the horizon. 

In the case of a Schwarzschild black hole, there are a lot of work ifTSl [T9ll to 
derive Hawking flux from effective actions m [161 [HI [Hj] in the two-dimensional effective 
background. Although the two-dimensional effective theory contains a dilaton field, the 
effect of dilaton does not change the property of (r,?) -component of the energy-momentum 
tensor and accordingly the Hawking flux is independent of the dilaton background. Once we 
impose the boundary condition, the value of the energy flux is determined only by the value of 
anomalies at the horizon. Therefore in the following, it will suffice for us to make use of the 
effective action to calculate the energy flux in the two-dimensional effective metric without 
dilaton backgrounds. 

4.1. Consistent energy -momentum tensor and Hawking flux 
It is known that the two-dimensional trace anomaly is 

= (33) 

The quantum anomaly induced effective action ^T9\ can be obtained by functional 
integration of this trace anomaly (1331) . It is the well-known Polyakov-Liouville's non-local 
action |[2Ql 



(34) 



where □ is the co variant Laplacian operator in two dimensions. 

We recognize this effective action reflects the structure of the conformal anomaly of Eq. 
(1331) . This action is non-local, but it can be transformed to a local form by introducing an 
auxiliary field \\f [|5l[T9l 



(35) 



where the auxiliary field \|/ satisfies the equation = R. 

The quantum anomaly induced stress tensor is defined via the variation of this effective 
action with respect to g^^ as follows 



^ 2 5r[i|/,g] _ 1 

^8^" 4871 

This stress tensor obeys the trace anomaly equation (1331) and the conservation law 



(36) 



^^ = ~2^' ^A'7^v = 0. (37) 



For the two-dimensional effective metric ([161) . the equation of motion for the auxiliary 
field \\f becomes 

- -^a,V + ( V^a.V) = -2drK , (38) 

whose general solution of this equation is |[51 [T9|| 

\\f = at+ ^ dr = at + br^-\n(f) , (39) 
J Vfh 
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where a and b are constants to be specified by imposing appropriate boundary condition, and 
is the tortoise coordinate defined by = / dr/^/Jh = r + M^/ (4r) +2Mln(r) +4Mln[l - 
M / {2r)] + const . 

Using this solution for \\r and its partial derivatives 

^,^^f = a, drW={b-2K)/^/fh, (40) 

the energy-momentum tensor is calculated as 

^" " -9^(«' + ^'-4^' + ^^^')' (41) 
ab 

''" = ^" = -4^' 

Introducing the Eddington-Finkelstein (EF) coordinate system {m,v}, where u = t — r^ 
and V = ? + r*, all components of the anomaly induced stress tensor in the EF null frame are 

Tuu = \{Ttt-2^/fhTtr + fhTrr) = -j^[{a-b)^-4K^ + 4^/fhK'] 

Tuv = T,, ^l{Tu-fhTrr) = -^\ffhK', (45) 
Tvv = \{Ttt + l^/fhTtr + fhTrr) = —^[{a + bf-AK^ + Ay/fhK'] 

^ -{a + bf (r^oo). (46) 
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It is known that the gravitational anomaly analysis selects the Unruh vacuum to be 
the relevant quantum state. So the appropriate boundary condition for our purpose should 
correspond to the Unruh vacuum, and such a boundary condition should be imposed on the 
auxiliary field V|/. 

Therefore, to specify the unknown constants a and b, we shall adopt the Unruh vacuum 
as the boundary condition that assumes there is no ingoing flux (incoming radiation) on past 
null infinity (Tyy = as r — > oo) and the energy-momentum tensor has to be regular on the 
future horizon (Tuu = for r = rn). That is 

Tuu = (r=r^), T^ = (r^oo). (47) 

From this boundary condition, we obtain a = —b = ±K. 

Thus, we get the explicit expression for the (r,f)-component of the energy-momentum 
tensor 

Tt = ^= = ^= , (48) 

487IV7A 487IV7A 
from which, the energy flux of Hawking radiation can be evaluated by taking the asymptotic 
limit (r — > oo). This yields 

r;(r^~) = ^. (49) 
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On the other hand, diverges on the horizon (T^ — 0° as r ^ rn), but ^—gT\ always remains 
finite everywhere, 

v^n-^. (50) 

This means that ^—gT\ is regular at the horizon. 

It is quite interesting to examine the behavior of the auxiliary field \|/. The asymptotic 
requirement b = —a yields \\r ~ —bu as r ^ 00, T^y describes an outgoing radiation; whereas 
the regularity condition on the horizon b = K reveals that \\f ~ — Kv as r ^ r^, T[,v is finite 
on the future horizon and describes an ingoing flux of negative energy radiation. Both \\f and 
V^\\f are regular on the future horizon. 

4.2. Covariant energy -momentum tensor and Hawking flux 

We now turn to the covariant energy-momentum tensor given by lfT6l 1271 

?^ = -^(^zyvZ)vV|/-Z)^Z)vV|/ + 5^v^) , (51) 

where the auxiliary field \|/ still obey the equation ni]/ = R, while is the chiral covariant 
differential operator defined by 

^^ = V^ + £^vV^=£^v^\ (52) 

This covariant energy-momentum tensor simultaneously satisfies the conformal anomaly 
equation and the covariant anomaly equation as follows 

Inserting the explicit solution for \|/ and its chiral covariant derivatives 

Dt\\r=-^/f/hD''\\f = a-b + 2K, (54) 
the (r, ?) -component of the covariant energy-momentum tensor can be computed as 

f ; = ^ [{a - bf - AK^ + 4y^K'] . (55) 
192%^ f/h 

Taking the r ^ 00 limit with which ^ 1 , we get the covariant form of the energy flux 

1 
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Trir^-^) = T^{a-b)\ (56) 



From the requirement that the energy flux at spatial infinity should be K^/ (487r), we obtain 
a = b±2K. 

Substituting this condition back to the expression of the covariant stress tensor, we find 



k2 (l-M/2r)3/ 6M 35M^ 3M^ \ 
~ 4871 (1 +M/2r)9 ~r ^ ~2?~ ^ ^ ^ 16?) ' ^ 

At the horizon, r[ approaches to zero as r ^ r^. This fact supports the validity of the 
regularity condition proposed in [4], which demands that should vanish at the horizon. 
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It suggests the covariant regularity condition (T^ = at r = rn) can be imposed as usual. In 
other words, the validity of the anomaly analysis at the horizon can be guaranteed so that 
the gravitational anomaly cancellation method can be safely extrapolated to the case when 
y/—g = at r = rn- 

On the other hand, if we consider the near-horizon behavior 

^^'=t4^[^''~^^'~'^^'+'^^^'] = t4^[^''"^^'"^^'] ^^^^ 

we can see that ^J^^T\ is apparently well-behaved everywhere. In particular, the above 
condition {a = b± 2k) makes y/—gT''j = become an identity at the horizon. Conversely, if 
we let ^—gT\ = 0, then we arrive at T\{r ^ oo) = k^/ (487r). 

Finally, it should be pointed out that the general expression for the covariant stress tensor 

is identical to the result derived by using the anomaly cancellation method in the next section, 
establishing the equivalence of these two methods. 

As a comparison with the energy-momentum tensor derived in the last subsection, the 
components of the covariant energy-momentum tensor are given by 

%t = -^{yi^-K^ + 2^K'), (60) 

Ttr = ^-^{k^ - + JfhK') , (61) 

f,.r= - —^{k^-K^). (62) 



4871//? 

Transformed into the EF null frame, they are 



k2 



1 



(r^oo), (63) 

7'"v=-^V^i^', (64) 
%,=0. (65) 



4.3. Comparison with results in the standard coordinates 

We now compare the results obtained in the above two subsections with those derived in the 
two-dimensional standard Schwarzschild coordinates ( |29l ) with the effective metric given by 


.2 A 2M\ 2 dr^ 

with f = h = l- 2M/f. At the horizon (fn = 2M), the surface gravity is K = 1/ (4M). 

The previous analysis can be naively applied to this case. Now we have = 1 and 
K M ^ 4M 
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Note also that the tortoise coordinate is replaced by = f dr/ f = f + 2M ln(r — 2M) + const. 
Then the consistent and covariant energy-momentum tensors are, respectively, given by 

mm 

^-^1' '''' 

k2 / 4M 12M2 
1 + -^ + 



-{ 



2M\- 

{r = fH), 



K ( ^ 



(68) 



This means that the validity of the covariant regularity boundary condition = at the 
horizon is justified by the effective action method [|5l [IS [HI [T9l| in the case of the two- 
dimensional Schwarzschild black hole (|29|) . 

In the above analysis, we have obtained a correct Hawking temperature T = 1/ (SttM) 
for the effective metric (l24l) . On the contrary, if we directly apply the effective action 
method to the case of the in-equivalently reduced metric (|26|) . we will get a temperature 
T = l/(167rA/), which is half of the correct one originally derived by Hawking. The same 
incorrect temperature can also be deduced by the RW's method. This unexpected result can 
be further excluded by taking into account the covariance of the energy-momentum tensor 
under the isotropic coordinate transformation. 

As mentioned before, the two-dimensional effective metric (|24l) can be obtained from 
the one (|29l) in the standard coordinates via the isotropic coordinate transformation (|2l), while 
the two-dimensional line element (|26|) can not. The general covariance implies that the result 
derived from the latter metric (l26l) is non-physical. 

Under this isotropic coordinate transformation f = r[\ +M/(2r)]^, the consistent and 
covariant energy-momentum tensors transform as 

^' = 5;^' = ('-i;3)n. (69) 



Using = 1 — M^/(4r^) and noting = 1, we find that 

k2 



'''' 

r, = V^r, = -^(k^-k^- IfR) , (72) 



4871 V 2 

which means both ^J^^T\ = ^J^^T\ and \f^-gT\ = \f^^T\ are not only covariant but also 
conformal invariant in two dimensions. 

The regularity boundary condition Q at the horizon naturally leads to 
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which is in accordance with our previous result. This fact reflects the covariance and the 
universality of the effective action method. 

To end up with this section, our main results can be summarized in one word, that is, 
^—gT\ is regular everywhere and the regularity boundary condition = at the horizon 
has been obviously verified. This conclusion suggests that the gravitational anomaly analysis 
can work well at the horizon. 

5. Anomalies and Hawking temperatures 

In this section, we will include the RW method extended in |[8l for self-consistence. The 
general case considered in |i8| for the two-dimensional black hole is non-extremal, including 
the extremal black hole as a special subcase. It is of particular interest to consider the metric 
of the two-dimensional Schwarzschild black hole in the isotropic coordinates. In this case, 
the metric determinant = at r = r/f , \f^^ = 1 as r ^ oo, and \f^^ ^ 1 elsewhere. Our 
previous analysis carried through in lIH had obviously overlooked this case. 

Because the metric determinant equals to zero at the horizon, the gravitational anomaly 
method will become problematic there. Therefore a careful investigation is needed for the 
reliability of the anomaly analysis at the horizon. However, we have argued in the preceding 
section that \f^^T\ remains finite and T\ is indeed equal to zero at the horizon, which 
ensures the covariant regularity boundary condition TJ^ = at the horizon can be imposed as 
usual. Therefore, the anomaly analysis is reasonable at the horizon, and the RW's method is 
applicable to the case considered here. In the subsequent analysis, we will apply the anomaly 
cancellation method and the effective action method to derive the Hawking temperature in the 
background space-time (|26l) recast into the general form (fT6l) . 

5.1. Consistent anomaly and covariant boundary condition 

The gravitational anomaly method proposed in [[3]| interprets Hawking radiation as a 
compensating energy flux that cancels the consistent or covariant gravitational anomaly at 
the horizon. The main idea goes as follows. Near the horizon, when omitting the ingoing 
modes that can not affect the physics outside of the horizon at classical level, the effective 
two-dimensional field theory becomes chiral and exhibits an anomaly. Therefore the quantum 
effective action breaks down the symmetry under the diffeomorphism transformation, which 
contradicts the fact that the underlying theory is covariant. As a result, in order to preserve 
the covariance of theory at quantum level. Hawking radiation must be included to cancel the 
anomaly near the horizon. In this method, the contribution from the dilaton can be neglected 
thanks to the static space-time. 

In the following, our starting point for the consistent anomaly analysis will be based 
upon the general effective metric (fT6l) . Let us consider the effective field theory in the two- 
dimensional background space-time (fT6l) . We divide the region outside of the horizon into 
two parts: the near-horizon region [r//, r^ + e] and the far-away region [r/f + £, +oo) , where £ 
will be taken the £ ^ limit ultimately. In the region [r/f , r// + £], the theory becomes chiral 
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after neglecting the classically irrelevant ingoing modes and the energy-momentum tensor 
there satisfies the anomaly equation. 

It is well known that the minimal form of the consistent gravitational anomaly for right- 
handed fields reads [i22il 

= 96^'^"^'^^^^vp = T^^X , (74) 



while the covariant anomaly takes the form 

^^'^v = ^V^^i^vd^R = -^d^N", , (75) 
9671 



where is the antisymmetric tensor density with the upper and the lower case e"' = = 1. 

Solving the anomaly equations in terms of the effective background metric (fT6l) . we get 
the (r,?) -components of A^v and A^v 

K = -^il'f" + /!''). 06) 

Introducing two scalar (top hat and step) functions 0(r) = 0(r — rn —£) and H(r) — 
1 — 0(r), the total energy-momentum tensor can be expressed as 

where T^^q^^ is the covariantly conserved stress tensor satisfying = 0, and must 

obey Eq. ((74l) . Integrating both equations, we get 

V-s'^(o)t = , (79) 
^/^Tl^), = aH+N',-N\{rH) , (80) 

where ao and an are two integration constants, and ao is the value of the energy-momentum 
tensor flux at spatial infinity, representing the observed Hawking radiation from the horizon. 
Note that both T^q^^ and T^*^^^ diverges on the horizon because = there, but \/—gT^o)t 
and ^/—gT^u^^ remain finite at the horizon. 

Our main task is to fix ao- In order to do so, let us consider the V = t component of the 
conservation law 

v/=^V,r^ = a,[v/=^r;] =d,[N''Mr)] + [N''t + V^{T[o)r-T[^)M^-rH). (81) 

The first term can be cancelled by the quantum effect of the ingoing modes. One can 
make the energy-momentum tensor free of anomaly by re-defining a new one via = 
T'f — N''fH{r)/ y/^. Therefore, in order to keep the co variance of the underlying theory, 
we only need to make the coefficient of the second term disappear at the horizon 

V^{T[o)t-T[H)t)l,+N'-t{rH)=0, (82) 

that is to say, 

ao = aH-N''t{rH). (83) 
This equation can not fix ao completely unless the value of the constant an is known. 
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In Ref. [4J, a covariant regularity condition is imposed to demand that the covariant 
energy-momentum tensor should vanish at the horizon (T^ = at r = r//). Now that we have 
explicitly shown in the last section for the case considered here, is indeed equal to zero at 
the horizon, the same boundary condition still can be imposed so as to be capable of applying 
the RW's method. As a result, we have = TJ^ = = ^—gT\ at the horizon. 

Since the covariant and consistent anomalies are related by flSl 

^gT\ = ^gT\ + - A^'; = ^gT\ + (/r - 2/2) , (84) 
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as a consequence, the regularity condition yields 

aH=N\{rn)-N\{rn). (85) 
Therefore we get the expression of Hawking flux by taking the asymptotic limit 

^loy^r ^->)=ao = -N^M = ^ , (86) 

which is obtained via the cancellation of the consistent gravitational anomaly at the horizon. 
It agrees with the results found in [fT2l[T4l . 

The expression for the consistent energy-momentum tensor 

V^no). = -N\irH) = ^, (87) 

is in exact accordance with the result obtained in the last section. This fact verifies the 
equivalence between the RW's method and the effective action method. 

We now point out the difference between the above result and the previous one given in 

ii 



ao = N\ M = i^ [hf + fh') I . (88) 

In Ref. O, we have considered the general non-extremal black hole case in which /(r//) = 
h{rH) = 0. This means that the functions /(r) and h{r) are assumed to have the same 
asymptotic behaviors, namely, they simultaneously behave like {r — rn) or [r — near 
the horizon. It is not difficult to find that the relation ao = N\{rM) = —N^f{rH) indeed and 
only holds true in such cases. 



5.2. Covariant anomaly only 

Recently, the authors in lfT2l suggested it is much cleaner to use only the covariant anomaly to 
derive the Hawking flux. In the above subsection, we have adopted the model proposed in llH 
to calculate the energy-momentum flux through the cancellation of the consistent anomaly, but 
to fix it we have imposed a regular condition that requires = at the horizon. This implies 
that we have adopted two different anomalies to obtain the Hawking flux. By contrast, the 
only input advocated in fT2] is the covariant anomaly. Nevertheless, we can see below that 
the result is unchanged. 
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In the exterior region, there is no anomaly and the covariant energy-momentum tensor is 
conserved, V^T^^^^ = 0. Near the horizon, the energy-momentum tensor obeys the covariant 

= ^vA^ V- Solving both equations for the V = t component. 



0, 



anomaly equation, 

yields the solutions 
where do and o// are two integration constants 



■N\{rH] 



Writing the covariant stress tensor as a sum of two combinations Ty 



\0)y 



(89) 
(90) 

(91) 
(92) 

0(r) + 



T('H)y,H{r),we find 



v^V,r^ = a,[v^n] =dr[N\H{r)] + [N', + V^{Tlo),-T[^)M^-rH). (93) 

The first term has to be cancelled by the quantum effect of the incoming modes. As before, 
it implies the existence of a Wess-Zumino term modifying the covariant energy-momentum 
tensor as T^j = T^j— N\H{r) / y/^-g which is anomaly free provided the coefficient of the last 
term vanishes. This yields the condition 

do = dH-N\{rH). (94) 

As before, the constant dn can be fixed by the covariant regularity boundary condition 
r[ = at the horizon, which gives dn = 0. Hence the covariant energy-momentum tensor 
flux is given by 

ao = -N\{rH) 



Tlo)Ar 
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(95) 



This is just the energy flux from black body radiation. 

Finally, the covariant energy-momentum tensors can be expressed as 



4871 



(96) 



(97) 



which coincides with the results obtained in the last section. This indicates that both the 
gravitational anomaly method |l3l IH [121 and the effective action method |l5l |T6l [191 give the 
same consistent results. Thus the equivalence between these two approaches is generally 
justified. 

On the other hand, the above anomaly analysis can be directly applied to the effective 
metric ([29]) in the standard coordinates and the obtained results coincide with those obtained 
in [[3l|4l[T6l. Moreover, we find that a/— = ^J^^T\ and ^J^^T\ = ^J^^T\ are invariant 
under the isotropic coordinate transformation. Combined with these results, it can be 
concluded that both methods are generally covariant and universal, supporting the universality 
of the Hawking radiation. 
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5.3. Hawking temperatures of the isotropic Schwarzs child black hole 

With the previous preparation in hand, it is now a position to apply the gravitational 
anomaly method and the effective action method to reproduce the Hawking temperature of a 
Schwarzschild black hole in the isotropic coordinates. First of all, according to the spirit of the 
RW's method, in order to cancel the gravitational anomaly at the horizon so that the general 
covariance can be restored at the quantum level, one must identify the Hawking flux with the 
thermal flux of two-dimensional black body radiation at a temperature T = K/{2n). Next, 
the effective action method directly adopts the anomaly induced stress tensors to calculate 
the energy flux at spatial infinity. As we have seen before, these two methods are equivalent 
and give the universal expression for the Hawking flux: — A^'^ (r/f ) = K^/ (487r)), which can be 
identical with the energy flux (4> = nT^/ 12) of two-dimensional black body radiation at the 
Hawking temperature. This means that we can use the relation 4> = —N''j{rH) to determine 
the Hawking temperature of the isotropic Schwarzschild black hole. 

Now we are ready to explicitly calculate the Hawking temperature of the Schwarzschild 
black hole in the isotropic coordinates. As mentioned before, the dimension reduction 
procedure yields two classes of two-dimensional effective metrics: the conformal equivalent 
and the in-equivalent ones. Two typical representatives for them are given by the two- 
dimensional metrics ((24l) and (|26l) . respectively. Both the RW's method and the effective 
action method are viable and can be applied to these two cases. 

First, let us begin with the equivalent classes. The two-dimensional effective metric 
((24)) is just the {t — r) -sector of the original four-dimensional isotropic Schwarzschild space- 
time. In this case, the dimension reduction keeps the rank of the singularity unchanged. 
Since the metric determinant is = 1 — M^/ (4r^), it will vanish at the horizon, causing 
a doubt about the reliability of a direct application of the RW's method to this case. Using 
the effective action method, we have obviously verified that y/—gT'i is finite and vanishes 
at the horizon, showing that the covariant regularity condition = at the horizon can be 
imposed as usual. This in turn indicates that the validity of the anomaly analysis at the horizon 
can be guaranteed. Applying the RW's method and the effective action method to this case, 
we can derive a temperature T = 1/ (SttM), which is exactly equal to the correct one originally 
given by Hawking. 

Next, we turn to consider the two-dimensional background metric (|26l) for the in- 
equivalent classes. In this case, we have /(r) = h{r) = [1 — M/{2r)]/[l + M /{2r)]^ and 



= 1. Both the anomaly analysis and the effective action method are directly applicable 
to calculate the Hawking flux. At the horizon (rn = M/2), due to /(?"//) = = 0, the 

energy flux is given by 4> = /'^(r//) /(1927r). This will give a temperature T = I /(167rM), 
which is only one-half of the correct Hawking temperature. The reason for this is that the rank 
of the singularity has been changed in the process of dimension reduction. 

Therefore, for the conformal equivalent effective line elemnet(l24l). both methods can 
reproduce the correct Hawking temperature, while they can not do so for the in-equivalent 
reduced line element (l26l) . The different results for the derived temperatures arise from 
the different choice of a conformal factor in the process of dimensional reduction, since it 
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can have an important effect on the order of the zeros of the component gtt in the resultant 
two-dimensional effective metric. The discrepancy of the obtained results serve a technical 
warning on how to obtain the physically equivalent reduced metric in the two-dimensional 
effective theory. 

Finally, taking into account the general covariance of the energy-momentum tensor under 
coordinate transformations, we can further exclude the undesired result for the Hawking 
temperature with a 1/2 factor in the case of the in-equivalent reduced metric (l26l) . The 
reason for this is because that the energy-momentum tensor is covariant under the isotropic 
coordinate transformation Q; both the effective action method and the RW's method are 
covariant. Furthermore, the two-dimensional effective metric (|24)) can be obtained from the 
one (|29l ) in the standard coordinates via the isotropic coordinate transformation while the 
two-dimensional line element (|26l) can not. So the general covariance implies that only for 
the conformal equivalent classes can one derive the expected temperature as that given by 
Hawking. 

6. Concluding remarks 

In this paper, we have utilized the effective action method and the gravitational anomaly 
method to derive the Hawking temperature of a Schwarzschild black hole in the isotropic 
coordinates. Our motivation is originated from the following facts: First of all. Hawking 
radiation is a universal quantum phenomenon which relies merely on the property of the 
horizon and is unrelated with a concrete coordinate system. Correspondingly, the Hawking 
temperature should have a unique value, independent of the concrete choice of different 
coordinates. In other words, the Hawking temperature should have the same value although 
the metric can be expressed in different forms by adopting different coordinate systems. Next, 
the RW's method is universal since the derivation of Hawking radiation via the viewpoint of 
the anomaly cancellation is only dependent on the anomaly taking place at the horizon. To 
preserve general covariance, it requires an outgoing thermal flux to eliminate the gravitational 
anomaly at the horizon. One can anticipate the effective action method to be universal 
also. Third, both methods are manifestly generally covariant. Therefore, it is expected that 
these two methods can deal with Hawking radiation in different coordinate settings and give 
the same consistent result. That is, if both methods are successful to derive the Hawking 
temperature of a Schwarzschild black hole in the standard coordinate system, the result 
obtained by these methods should be unchanged in a different coordinate system (here the 
isotropic coordinates). 

Since both methods work within the two-dimensional effective field theory, so a key 
trick is how to reduce the higher-dimensional space-times to two dimensions. The dimension 
reduction procedure plays a crucial role in deriving the resultant two-dimensional effective 
background metrics so that they belong to the physically equivalent classes. 

The Schwarzschild black hole in the isotropic coordinates displays a lot of distinct 
characters that differ from the standard one. It also provides an obvious example that one 
has to deal with the case in which not only 7^ 1 but also = at the horizon for the 
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conformal equivalent reduced metrics. Thanks to these intriguing features, it is of particular 
interest to check the effectiveness of the RW's method and the effective action method in the 
isotropic Schwarzschild space-time. Our results have demonstrated that both methods can 
derive the correct Hawking temperature for the conformal equivalent classes of the reduced 
effective metric (f24)) . 

The main results obtained in our paper are summarized as follows, (i) The dimensional 
reduction procedure yields two classes of typically different metrics. The physically 
equivalent reduced metrics are defined as those that neither change the rank of the zeros of the 
components and g'''' of the original space-time metric, nor flip their signs. These metrics 
are also conformal equivalent, up to a regular conformal factor that satisfies the conditions 
(I22I) . (ii) The equivalence between the effective action method and the gravitational anomaly 
method are generally established, (iii) The covariance and the universality of both methods are 
obviously justified via the isotropic coordinate transformation, (iv) The covariant regularity 
boundary condition imposed in the RW's method has been verified by using the effective 
action method to explicitly calculate the covariant energy-momentum tensor, so the validity 
of RW's method has also been justified, (v) For the conformal equivalent reduced metric (l24l) . 
both methods can successfully reproduce the standard value of the Hawking temperature for 
the isotropic Schwarzschild black hole. These results support not only the universality of 
these two methods but also that of Hawking radiation. 

Based upon the RW's method and the effective action method, our discussions about the 
gravitational anomaly analysis presented in the isotropic coordinates are very general. They 
have an immediate application to the stringy black holes since a large classes of black hole 
solutions found in string theory are expressed in the isotropic coordinate system, especially 
for those supersymmetric black holes. It is interesting to check the effectiveness of these two 
methods in other different coordinate system case as well. 
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